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Abstract
The present authors introduced recently (see [Adv. in Appl. Math. 32 (2004) 576]) the notion of
shifted asymmetry index series denoted ΓF,ξ , for an arbitrary species of structures, F , and a series of
weights, ξ . This series generalizes the classical asymmetry index series, ΓF , of G. Labelle [Discrete
Math. 99 (1992) 141] to take into account the substitution of species with non-zero constant term
[Combinatoire Énumérative, Lecture Notes in Math., vol. 1234, Springer-Verlag, 1986, pp. 126–159].
In [Adv. in Appl. Math. 32 (2004) 576], we can find explicit formulas for the shifted asymmetry index
series of usual species (sets, cycles, permutation, trees, . . .). The goal of this paper is to complement
[Adv. in Appl. Math. 32 (2004) 576] by computing closed formulas for the series ΓE±,ξ and ΓALT,ξ ,
of the species E± of oriented sets and ALT of even permutation of their elements. Oriented sets are,
by definition, totally ordered sets modulo an even permutation of their elements. Such structures were
used, for example, by Pólya and Read [Combinatorial Enumeration of Groups, Graphs and Chemical
Compounds, Springer-Verlag, 1987] in the context of combinatorial chemistry problems (vertex-sets
of oriented simplices).
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A class of labelled weighted structures which is closed under relabellings induced by
a bijection between their underlying sets is called a (weighted) species of structures,1 in
the sense of Joyal [4]. For example, let u and t be formal variables. Then, the class of all
trees, where the weight of a tree τ is u#leaves in τ t#nodes in τ , forms a weighted species of
structures since this class is obviously closed under relabellings of nodes. By convention,
the weight of a structure is a unitary monomial in some weight variables. Relabellings
do not affect weights. A structure belonging to a species F is called an F -structure. If
the species F is weighted by w, we denote it by Fw . Two Fw-structures s1 and s2 are
said to be isomorphic if one can be obtained from the other one by a relabeling induced
by a bijection between their underlying sets. An isomorphism class of Fw-structures is
called an unlabeled Fw-structure. By definition, the weight of an unlabeled Fw-structure
is the weight of (any) one of its representatives. A structure is said to be asymmetric if it
has only one automorphism, viz. the trivial one. We denote by Fw , the subspecies of Fw
consisting of all its asymmetric structures. A species Fw is called asymmetric if Fw = Fw .
For instance, the species L, of linear orders, is asymmetric, as well as the species X, of
singletons. Every species Fw can be written in the form Fw(X). Many enumerative formal
power series can be associated to each weighted species Fw . The most important ones are
the cycle index series, ZFw(x1, x2, . . .), and the asymmetry index series, ΓFw(x1, x2, . . .).
For definition and properties of these series see [3,6].
The shifted asymmetry index series has been introduced in [8,10] to generalize the no-
tion of (classical) asymmetry index series of G. Labelle [6,7]. In fact, for every species
F = Fw = Fw(X) and G = Gu = Gu(X) weighted in the ring Cv, where C is the com-
plex field and v = (v1, v2, . . .) are some weight variables, it is well known (see [3]) that
the Z and the Γ series commute with commonly used combinatorial operations (addition,
multiplication, derivation and substitution):
ZF+G = ZF + ZG, ΓF+G = ΓF + ΓG, (1)
ZF ·G = ZF · ZG, ΓF ·G = ΓF · ΓG, (2)
Z
F
′ = ∂
∂x1
ZF , ΓF ′ =
∂
∂x1
ΓF , (3)
if G(0) = 0, then ZF◦G = ZF ◦ ZG, ΓF◦G = ΓF ◦ ΓG, (4)
where ◦, in the right member of (4), denotes the plethystic substitution.
But, in the general case,
if G(0) = 0, then ZF◦G = ZF ◦ ZG, while ΓF◦G = ΓF ◦ ΓG. (5)
To avoid this lack of generality, we introduced in [8] a new formal series, ΓF,ξ , called
the shifted asymmetry index series of a weighted species F = Fw , which satisfies
1 Formally, a species is a functor from the category of finite sets and bijections to the category of summable
weighted sets.
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ΓF◦G = ΓF,ξ ◦ ΓG, where ξ = G(0) ∈ Cv.
The definition of this series runs as follows:
Definition 1 (Shifted asymmetry index series). Let v = (v1, v2, v3, . . .) be a family of
weight variables, µ1,µ2, . . . be a family of distinct monomials in v and ξ = c1µ1 +c2µ2 +
c3µ3 + · · · ∈ Cv be given. Let F = Fw be a species weighted in the ring Cv. Then, the
shifted asymmetry index series, ΓFw,ξ , is defined by the following relation
ΓFw,ξ = ΓFw(ξ+X) ◦ ΓX−ξ , (6)
where ◦ denotes the plethystic substitution. More explicitly
ΓFw,ξ (x1, x2, x3, . . .) = ΓFw(ξ+X)(x1 − ξ1, x2 − ξ2, x3 − ξ3, . . .), where
ξk = c1µk1 + c2µk2 + c3µk3 + · · · , k  1.
Note, in particular that ξ = ξ1. In the special case where ξ ∈ C, corresponding to a pure
(unweighted) multiplicity, the previous definition reduces to
ΓFw,ξ (x1, x2, x3, . . .) = ΓFw(ξ+X)(x1 − ξ, x2 − ξ, x3 − ξ, . . .), (7)
since ξk = ξ in this case, for all k ∈ N.
Remark 1. Some “summability conditions” must be satisfied to ensure that the combina-
torial substitution, Fw ◦ Gv , of two weighted species, Fw = Fw(X) and Gv = Gv(X), be
well defined. The two main instances of these conditions are described as follows: consider
the “constant term”
ξ = Gv(0) ∈ Cv (8)
of the species Gv = Gv(X). Then Fw ◦ Gv is well defined if either
(a) 0 = ξ(0,0,0, . . .) ∈ C and Fw(X) is arbitrary (that is the constant term in ξ is zero),
or
(b) Fw(X) is a polynomial species and Gv(X) is arbitrary (that is, there is no Fw-structure
on every sufficiently large set).
For example, let Fw = E = 1 + X + E2 + E3 + · · · be the (unweighted) species of all
finite sets and Gv = v2 + 2v43 + v4C3 where C3 is the species of oriented 3-cycles. Then,
Fw ◦ Gv = E ◦ (v2 + 2v43 + v4C3) is well defined since
ξ = Gv(0) = v2 + 2v43, ξ(0,0, . . .) = 0. (9)
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ξ = 4 + v2 + 2v43, ξ(0,0, . . .) = 4 = 0, (10)
and Fw ◦Gv(0) = E(4) = ∞, since there is an infinity of unlabeled 4-colored sets. Finally,
the species E3(4 + v2 + 2v43 + v4C3) is well defined since the species E3 of 3-element sets
is obviously a polynomial species.
We will always implicitly assume that substitution is well defined in the present paper.
For details and complements about theory of species, see [3–5]. Moreover, the behavior of
the shifted asymmetry index series under the classical combinatorial operations have been
established in [8]. This result is stated in the following theorem.
Theorem 1 [8]. Let F = Fw and G = Gv be two species weighted in the ring Cv and
ξ = ξ(v) ∈ Cv. We have
ΓF = ΓF,0, (11)
ΓF◦G = ΓF,ξ ◦ ΓG, where ξ = G(0). (12)
Moreover,
ΓF+G,ξ = ΓF,ξ +ΓG,ξ , (13)
ΓF ·G,ξ = ΓF,ξ · ΓG,ξ , (14)
ΓF◦G,ξ = ΓF,G(ξ) ◦ ΓG,ξ , (15)
Γ
F
′
,ξ
= ∂
∂x1
ΓF,ξ . (16)
We recall also a useful lemma, extensively used in this paper.
Lemma 1 [8]. Let Fw be any species weighted in the ring Cv and ξ = ξ(v) ∈ Cv.
Then,
Fw(ξ) = ZFw(ξ1, ξ2, ξ3, . . .). (17)
Proof. Consider first the case ξ = t1 + t2 + t3 + · · · where the ti ’s are distinct variables
taken from the list v of weight variables and consider the species Fw,ξ defined by
Fw,ξ (X) = Fw(ξX) = Fw
(
(t1 + t2 + t3 + · · ·)X
)
. (18)
A Fw,ξ -structure on a finite set U has the form (s, τ ) where s is a Fw-structure on U and
τ :U → {t1, t2, t3, . . .} attributes a weight (taken arbitrarily among the ti ’s) to each element
of U . The weight of (s,w) is defined by
w(s) ·
∏
τ (u), (19)
u∈U
G. Labelle, C. Lamathe / Advances in Applied Mathematics 33 (2004) 753–769 757where w(s) is the original weight of s. We then have (see [3], for example):
Fw(ξ) = Fw(ξX)|X:=1 = Fw,ξ (X)|X:=1
= total weight of all unlabeled Fw,ξ -structures = ZFw(ξ1, ξ2, ξ3, . . .) (20)
which coincides with (17). The same formula obviously remains true when some of the ti ’s
become equal. That is, when ξ = n1t1 + n2t2 + n3t3 + · · ·, where ni ∈ N, i = 1,2,3, . . . .
Replacing each ti by a monomial µi , we see that the formula still holds in the case
ξ = n1µ1 + n2µ2 + n3µ3 + · · · ∈ Nv. Since the coefficients in both sides of (17) are
polynomials in (n1, n2, n3, . . .), we conclude that (17) still holds in the general case
ξ = c1µ1 + c2µ2 + c3µ3 + · · · ∈ Cv by invoking the extension principle of algebraic
identities [3, p. 182]. 
We now give easy examples of the use of Theorem 1 to compute the shifted asymme-
try index series of the species Chan of chains of length n, n  1 and the species Inv, of
involutions.
Example 1 (n-chains). The species Chan of n-chains is characterized by the following
functional equations, depending on the parity of the integer n:
Chan =
{
E2
(
Xn/2
)
if n is even,
XE2
(
X(n−1)/2
)
otherwise.
(21)
Recall that the asymmetry index series of the species of n-chains is given by (see [3])
ΓChan(x1, x2, . . .) =
{(
xn1 − xn/22
)
/2 if n is even,
x1
(
xn−11 − x(n−1)/22
)
/2 otherwise.
(22)
In order to compute the shifted asymmetry index series of the species Chan, we use Theo-
rem 1, which leads to:
• n even: We have successively
ΓChan,ξ (x1, x2, . . .) = ΓE2(X),ξn/2 ◦ ΓXn/2,ξ =
(
ξ
n/2
2 + ΓE2(X)
) ◦ ΓXn/2
= ξn/22 + ΓChan . (23)
• n odd: In a very similar way, we get
ΓChan,ξ (x1, x2, . . .) = ξ(n−1)/22 x1 + ΓChan . (24)
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chains of length n is given by
ΓChan,ξ =
{
ξ
n/2
2 + ΓChan , if n is even,
ξ
(n−1)/2
2 x1 + ΓChan , otherwise.
(25)
Example 2 (Involutions). Consider now the species Inv of involutions, that is, permutations
σ such that σ 2 = 1, where 1 is the identity permutation. It is easy to see that the species
Inv satisfies the following functional equation:
Inv(X) = E(X + C2) = E(X) · E(C2). (26)
Let ξ ∈ Cv. We then get
ΓInv,ξ = ΓE,ξ · ΓE(C2),ξ = ΓE,ξ · ΓE,C2(ξ) ◦ ΓC2,ξ .
But (see [8])
ΓE,ξ = ZE(ξ2, ξ4, . . .)ΓE = ZE(ξ2)ΓE and ΓC2,ξ = ξ2 + ΓC2 .
We thus deduce:
ΓInv,ξ = ZE(ξ2) · ΓE · ZE
(
ZC2(ξ2)
) · ΓE ◦ (ξ2 + ΓC2)
= ZE(ξ2) · ZE
(
ZC2(ξ2)
) · ΓE(ξ2) · ΓE · ΓE ◦ (ΓC2)
= ZE(ξ2) · ZE
(
ZC2(ξ2)
) · ΓE(ξ2) · ΓInv = ΓE(ξ2) · ZInv(ξ2) · ΓInv.
So, we have the following proposition.
Proposition 2. Let ξ ∈ Cv. Then, the shifted asymmetry index series ΓInv,ξ of the species
Inv of involutions is given by
ΓInv,ξ = ΓE(ξ2)ZInv(ξ2)ΓInv. (27)
Notice that the series ZInv and ΓInv have been explicitly computed in [9,11].
Remark 2. If we consider the species F = X of singletons, we obtain
ΓX,ξ = ΓX = x1. (28)
More generally, we have
ΓXn,ξ = (ΓX,ξ )n = ΓXn = xn. (29)1
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with the classical asymmetry index series ΓF , as soon as the species F is asymmetric, that
is, of the form F(X) =∑m fmXm, where fm ∈ Cv, for all m 0.
In their paper [8], the authors gave explicit formulas for the shifted asymmetry in-
dex series of the most common species, including sets, oriented cycles and permutations,
trees and rooted trees, . . . , as well of general formulas concerning members of assem-
blies (a generalization of connected components). The goal of this paper is to compute
the shifted asymmetry index series of the species ALT of even permutations and E± of
oriented sets.
An even permutation is a permutation having an even number of cycles of even length
in its decomposition into disjoint cycles. We define similarly odd permutations. We denote
by ALT (respectively NALT) the species of even (respectively odd) permutations. It is well
known that the species ALT satisfy the following functional equation (see [3,9,11], for
instance):
ALT = E(Codd) · Eeven(Ceven), (30)
where Codd, Ceven and Eeven are respectively the species of cycles of odd, even lengths and
of sets of even cardinality. Our computations of the shifted asymmetry index series of the
species of even permutations is based on the last equality (30). Moreover, the species ALT
and NALT are linked by the obvious relation
S = ALT + NALT, (31)
where S is the species of all permutations.
A structure of oriented set can be interpreted in many different ways:
• as an oriented basis of a vector space,
• as an arrangement of the elements of a set on the vertices of an oriented simplex (see
[12]),
• as the set of “workable positions” of the “jeu de taquin” (see [13]).
However, we give the following definition within the framework of the theory of species
of structures.
Definition 2 [9]. Let U be a finite set of cardinality n ∈ N. A structure of oriented set over
U is an orbit of the natural action An × Xn[U ] → Xn[U ] of the alternating sub-groupAn
of Sn on the set Xn[U ] of n-lists of elements of U .
Recall that the alternating group An of Sn consists of all even permutation of size n.
The species of oriented sets of length n, n 1, is written as a quotient species
E±n = Xn/An, (32)
where Xn denotes the species of n-lists.
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(of Sn) of its elements. For instance, for small values of the integer n, we have
E±0 = 1, E±1 = X, E±2 = X2, E±3 = C3,
where 1, X, X2 and C3 are respectively the species of empty set, singletons, 2-element
lists and of oriented 3-cycles. Summing over all integer values of n, we obtain the species
E± of oriented sets,
E± =
∑
n0
Xn/An.
2. Even permutations
In this section, we consider the species of even permutations, denoted ALT, and of odd
permutations, denoted NALT. Recall first that the species ALT and NALT are characterized
by the functional equations (30) and (31) above.
Making use of Theorem 1, we have
ΓALT,ξ = (ΓE,Codd(ξ) ◦ ΓCodd,ξ ) · (ΓEeven,Ceven(ξ) ◦ ΓCeven,ξ ). (33)
But, from relation
ΓEn,ξ =
	 n2 
∑
i0
ZEi (ξ2)ΓEn−2i ,
established in [8], we deduce by summation over even cardinalities n:
ΓEeven,ξ = ZE(ξ2)ΓEeven, where (34)
ΓEeven =
1
2
(
ΓE(x1, x2, x3, . . .) + ΓE(−x1, x2,−x3, . . .)
)
and (35)
ΓE = exp
(∑
k1
(−1)k−1
k
xk
)
. (36)
Moreover, it is easy to see that
ΓCeven,ξ = (ZCeven − ΓCeven)(ξ) + ΓCeven, (37)
ΓCodd,ξ = (ZCodd − ΓCodd)(ξ) + ΓCodd, (38)
with
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∑
n1
n odd
µ(n)
2n
ln
(
1 + xn
1 − xn
)
, (39)
ΓCeven =
∑
n1
n even
µ(n)
n
ln
(
1
1 − xn
)
+
∑
n1
n odd
µ(n)
2n
ln
(
1
1 − x2n
)
, (40)
and
ZCodd =
∑
n1
n odd
φ(n)
2n
ln
(
1 + xn
1 − xn
)
, (41)
ZCeven =
∑
n1
n even
φ(n)
n
ln
(
1
1 − xn
)
+
∑
n1
n odd
φ(n)
2n
ln
(
1
1 − x2n
)
, (42)
the four last series being explicitly computed in [9,11].
Let us begin by the computation of ΓE(Codd),ξ . We have successively
ΓE(Codd),ξ = ΓE,Codd(ξ) ◦ ΓCodd,ξ = ZE
(
Codd(ξ2)
) · (ΓE ◦ ΓCodd,ξ )
= ZE(Codd)(ξ2) · ΓE ◦
(
(ZCodd − ΓCodd)(ξ) + ΓCodd
)
= ZE(Codd)(ξ2) ·
(
ΓE ◦ ZCodd(ξ)
) · (ΓE ◦ (−ΓCodd(ξ))) · (ΓE ◦ ΓCodd), (43)
where the last equality is obtained by making a use of (36). Finally, we get
ΓE(Codd),ξ =
ZE(Codd)(ξ2)
ΓE(Codd)(ξ)
(
ΓE ◦ ZCodd(ξ)
)
ΓE(Codd). (44)
We next compute ΓEeven(Ceven),ξ . By a similar method as above, we get
ΓEeven(Ceven),ξ = ΓEeven,Ceven(ξ) ◦ ΓCeven,ξ
= ZE
(
Ceven(ξ2)
) · (ΓEeven ◦ ((ZCeven − ΓCeven)(ξ) + ΓCeven))
= ZE(Ceven)(ξ2)
ΓEeven(Ceven)(ξ)
(
ΓEeven ◦ ZCeven(ξ)
)
ΓEeven(Ceven). (45)
Collecting terms, we get the following general formula for the shifted asymmetry index
series of the species ALT, of even permutations:
ΓALT,ξ = ZS(ξ2)
ΓALT(ξ)
(
ΓEeven ◦ ZCeven(ξ)
)(
ΓE ◦ ZCodd(ξ)
) · ΓALT, (46)
where ξ ∈ Cv.
In order to simplify relation (46), we use the following two lemmas.
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ZE(ω2) · ΓE(ω) = ZE(ω) and ZE(ω2) · ΓEeven(ω) = ZEeven(ω). (47)
Proof. We have successively
ZE(ω2) · ΓE(ω) = eω2+ 12 ω4+ 13 ω6+··· · eω1− 12 ω2+ 13 ω3+··· = eω1+ 12 ω2+ 13 ω3+··· = ZE(ω).
In a very similar way,
ZE(ω2) · ΓEeven(ω) = eω2+
1
2 ω4+ 13 ω6+··· · 1
2
(
eω1−
1
2 ω2+ 13 ω3+··· + e−ω1− 12 ω2− 13 ω3+···)
= 1
2
(
eω1+
1
2 ω2+ 13 ω3+··· + e−ω1+ 12 ω2− 13 ω3+···)= ZEeven(ω),
which concludes the proof. 
Lemma 3. Let ξ ∈ Cv. Then, we have
ZALT = ZS(ξ2) ·
(
ΓEeven ◦ ZCeven(ξ)
) · (ΓE ◦ ZCodd(ξ)). (48)
Proof. Relation (48) is derived from the fact that
ZS(ξ2) = ZE◦C(ξ2) = ZE ◦
((
ZC(ξ)
)
2
)= ZE ◦ ((ZCodd(ξ))2 + (ZCeven(ξ))2)
= ZE ◦
((
ZCodd(ξ)
)
2
) · ZE ◦ ((ZCeven(ξ))2).
Using Lemma 2 gives the stated formula. 
We have finally obtained the following result:
Proposition 3. Let ξ ∈ Cv. Then, the shifted asymmetry index series of the species ALT
and NALT are given by the general formulas:
ΓALT,ξ = ZS(ξ2)
ΓALT(ξ)
(
ΓEeven ◦ ZCeven(ξ)
)(
ΓE ◦ ZCodd(ξ)
) · ΓALT (49)
= ZALT(ξ)
ΓALT(ξ)
· ΓALT, (50)
and
ΓNALT,ξ = ΓS,ξ −ΓALT,ξ , (51)
where ZALT, ZNALT are given by (see [3,9,11])
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∏
n1
1
1 − xn +
1
2
∏
n1
(1 + x2n−1), (52)
ZNALT(x1, x2, . . .) = 12
∏
n1
1
1 − xn −
1
2
∏
n1
(1 + x2n−1); (53)
ΓALT, ΓALT by (see [9,11])
ΓALT(x1, x2, . . .) = 2 − x
2
1 − x2
2(1 − x1) , (54)
ΓNALT(x1, x2, . . .) = x
2
1 − x2
2(1 − x1) , (55)
and (see [8,10])
ΓS,ξ = ZS(ξ)
ΓS(ξ)
· ΓS. (56)
3. Oriented sets
We consider, in this section, the species E±n of oriented sets of size n. Recall that this
species can be defined as the quotient species
E±n = Xn/An,
whereAn represent the alternating subgroup of the symmetric group Sn of order n, consist-
ing of all even permutations. The species of oriented sets is defined by E± =∑n0 E±n .
In order to compute the shifted asymmetry index series ΓE±,ξ , we will make use of an
addition formula for E±n , given by Auger et al. in [1,2].
Theorem 2 ([1,2] Addition formula for E±n ). For n 2, the species, E±n , of oriented sets
of size n, satisfies the combinatorial equation
E±n (X0 + X1 + X2 + · · ·) =
∑
n0+n1+···=n∀i, ni1
2Xn00 X
n1
1 . . .+
∑
n0+n1+···=n∃i, ni2
X
n0
0 X
n1
1 . . .
An0,n1,...
, (57)
where An0,n1,... = An ∩ Sn0,n1,... and Sn0,n1,... is the Young subgroup of Sn consisting
of permutations of [n] acting independently on the first n1 elements of [n], the next n2
elements of [n], etc.
Let us consider ξ ∈ Cv. Our first task is to establish an addition formula for the species
E±(ξ + X).
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E±(ξ + X) = −1 − (X + ξ) + (1 +X)ΓE(ξ1, ξ2, . . .) + ΓE(ξ1, ξ2, . . .)E±(X)
+ (ZE(ξ1, ξ2, . . .) − ΓE(ξ1, ξ2, . . .))E(X). (58)
Proof. From general principles (see proof of Lemma 1), it is sufficient to consider only
the special case ξ = t1 + t2 + t3 + · · · , where the ti ’s are taken from the list v of weight
variables. Making the substitutions X0 := X and Xi := tiT , i  1, in Eq. (57), we have,
for n 2,
E±n (X + ξT ) = E±n
(
X + (t1 + t2 + · · ·)T
)
= 2
∑
n0+n1+n2+···=n∀j nj1
t
n1
1 t
n2
2 . . .X
n0T n−n0
+
∑
n0+n1+n2+···=n∃j nj2
t
n1
1 t
n2
2 . . .
Xn0T n−n0
An0,n1,n2,...
.
Summing the last relation over n 2 and taking special care of the trivial cases n = 0,1,
E±(X + ξT ) = −1 − (X + ξT ) + 2
∑
n0,n1,n2,...∀j nj1
t
n1
1 t
n2
2 . . .X
n0T n1+n2+n3+···
+
∑
n0,n1,n2,...∃j nj2
t
n1
1 t
n2
2 . . .
Xn0T n1+n2+n3+···
An0,n1,n2,...
.
Classifying the sums according to the cases n0 = 0, n0 = 1, n0  2, we have the more
explicit expansion:
E±(X + ξT ) = −1 − (X + ξT ) + 2
( ∑
n11, n21,...
t
n1
1 t
n2
2 . . . T
n1+n2+n3+···
+
∑
n11, n21,...
t
n1
1 t
n2
2 . . .XT
n1+n2+n3+···
)
+
∑
n1,n2,...∃j nj2
t
n1
1 t
n2
2 . . .
T n1+n2+n3+···
A0,n1,n2,...
+
∑
n1,n2,...∃j nj2
t
n1
1 t
n2
2 . . .
XT n1+n2+n3+···
A1,n1,n2,...
+
∑ ∑
n ,n ,...
t
n1
1 t
n2
2 . . .
Xn0T n1+n2+n3+···
An0,n1,n2,...
.n02 1 2
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E±(X + ξ) = −1 − (X + ξ) + 2((1 + t1)(1 + t2) . . .+ X(1 + t1)(1 + t2) . . .)
+
∑
n02
∑
∀j nj1
t
n1
1 t
n2
2 . . .
Xn0
An0
+
∑
n02
∑
∃j nj2
t
n1
1 t
n2
2 . . .
Xn0
Sn0
+
∑
∃j nj2
t
n1
1 t
n2
2 . . .+ X
∑
∃j nj2
t
n1
1 t
n2
2 . . .
= −1 − (X + ξ) + 2(1 + X)ΓE(ξ1, ξ2, . . .) + ΓE(ξ1, ξ2, . . .)
∑
n2
E±n (X)
+ (ZE(ξ1, ξ2, . . .) − ΓE(ξ1, ξ2, . . .))∑
n2
En(X)
+ (1 + X)(ZE(ξ1, ξ2, . . .) − ΓE(ξ1, ξ2, . . .)).
It then suffices to notice that
∑
n2 E
±
n (X) = E±(X)−1−X and
∑
n2 En(X) = E(X)−
1 −X to conclude the proof. 
Remark 3. Observe that the addition formula of Theorem 3 is coherent with Lemma 1.
Indeed, by putting X := 0 in Theorem 3, we obtain
E±(ξ) = −1 − ξ + ΓE(ξ1, ξ2, . . .) + ZE(ξ1, ξ2, . . .), (59)
using the fact that E(0) = E±(0) = 1. Recalling that (see [9,11])
ZE±(x1, x2, x3, . . .) = ZE(x1, x2, x3, . . .) + ZE(x1,−x2, x3,−x4, . . .) − 1 − x1 (60)
and
ZE(x1,−x2, x3,−x4, . . .) = ΓE(x1, x2, x3, x4, . . .), (61)
we then confirm the relation
E±(ξ) = ZE±(ξ1, ξ2, ξ3, . . .). (62)
On the other hand, the asymmetry index series of the species E± of oriented sets is given
by (see [9,11])
ΓE±(x1, x2, x3, . . .) = −1 − x1 + (2 + x2 − x3 + x4 − · · ·)ΓE(x1, x2, x3, . . .). (63)
Making use of these formulas for ZE± and ΓE± , we are now able to compute the shifted
asymmetry index series ΓE±,ξ of the species of oriented sets, for ξ ∈ Cv. For this pur-
pose, we start with the definition of this formal series:
ΓE±,ξ = ΓE±(ξ+X)(x1 − ξ1, x2 − ξ2, . . .). (64)
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ΓE±(ξ+X) = −1 − (ξ1 + x1) + (1 + x1)ΓE(ξ1, ξ2, . . .) + ΓE(ξ1, ξ2, . . .)ΓE±(x1, x2, . . .)
+ (ZE(ξ1, ξ2, . . .) − ΓE(ξ1, ξ2, . . .))ΓE(x1, x2, . . .). (65)
Making use of the explicit formula (63) for ΓE± , we then obtain:
ΓE±,ξ = ΓE±(ξ+X)(x1 − ξ1, x2 − ξ2, . . .)
= −1 − (ξ1 + x1 − ξ1) + (1 + x1 − ξ1)ΓE(ξ1, ξ2, . . .)
+ ΓE(ξ1, ξ2, . . .)
(
−1 − (x1 − ξ1)
+ (2 + (x2 − ξ2) − (x3 − ξ3) + · · · )ΓE(x1 − ξ1, x2 − ξ2, x3 − ξ3, . . .))
+ (ZE(ξ1, ξ2, . . .) − ΓE(ξ1, ξ2, . . .))ΓE(x1 − ξ1, x2 − ξ2, . . .).
Finally, collecting terms and using the fact that
ZE(ξ1, ξ2, . . .)
ΓE(ξ1, ξ2, . . .)
= e
ξ1+ 12 ξ2+ 13 ξ3+ 14 ξ4+···
eξ1− 12 ξ2+ 13 ξ3− 14 ξ4+···
= eξ2+ 12 ξ4+ 13 ξ6+··· = E(ξ2),
leads to the following result.
Proposition 4. Let ξ ∈ Cv. Then, the shifted asymmetry index series, ΓE±,ξ , of the
species of oriented sets is given by
ΓE±,ξ = ΓE± +
(
E(ξ2) − 1 − ξ2 + ξ3 − ξ4 + · · ·
)
ΓE. (66)
Classifying oriented sets according to increasing cardinalities, the following corollary
holds.
Corollary 1. For n 0, let E±n denotes the species of oriented n-sets. Then, for n = 0,1,2,
we have ΓE±n ,ξ = ΓE±n and, for n 3,
ΓE±n ,ξ = ΓE±n + ξ3ΓEn−3 +
(
E2(ξ2) − ξ4
)
ΓEn−4 + ξ5ΓEn−5 +
(
E3(ξ2) − ξ6
)
ΓEn−6
+ ξ7ΓEn−7 +
(
E4(ξ2) − ξ8
)
ΓEn−8 + · · · . (67)
Proof. Introduce first an extra weight variable, t . We then have the obvious combinatorial
identity
E±(tX) =
∑
n0
tnE±n (X). (68)
By linearity and (15), we get
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= [tn]ΓE±,tξ
(
tx1, t
2x2, t
3x3, . . .
)
. (69)
By Proposition 4, this implies that
ΓE±n ,ξ = ΓE±n + [tn]
(
E
(
t2ξ2
)− 1 − t2ξ2 + t3ξ3 − · · · ) · ΓE(tx1, t2x2, t3x3, . . . )
= ΓE±n + [tn]
(∑
i1
t2iZEi (ξ2, ξ4, . . .) +
∑
i2
(−1)i−1t i ξi
)
·
∑
j0
tj ΓEj
= ΓE±n +
∑
2i+j=n
i1
Ei(ξ2)ΓEj +
∑
i+j=n
i2
(−1)i−1ξiΓEj .  (70)
Explicit expressions for ΓE±n and ΓE±n ,ξ , with 0 n 6, are given in Table 1.
Note that in the special case ξ = k = k · 1 (k ∈ N, 1 = trivial monomial), we have
ξν = (k · 1)ν = k and
Ei(ξ2) = Ei(k) = ZEi (k, k, k, . . .) =
k(k + 1) . . . (k + i − 1)
i! . (71)
Formula (67) then reduces to
ΓE±n ,k = ΓE±n + kΓEn−3 +
(
1
2!k
〈2〉 − k
)
ΓEn−4 + kΓEn−5 +
(
1
3!k
〈3〉 − k
)
ΓEn−6 + · · ·
(72)
for n 3, where k〈ν〉 = k(k + 1) · · · (k + ν − 1) is the νth rising factorial power of k.
Table 1
The series Γ
E±n and ΓE±n ,ξ for n 6
n Γ
E±n ΓE±n ,ξ
0 1 1
1 x1 x1
2 x21 x
2
1
3 13 (x
3
1 − x3) ΓE±3 + ξ3
4 x
4
1
12 −
x1x3
3 −
x22
4 + x42 ΓE±4 + ξ3x1 +
1
2 (ξ
2
2 − ξ4)
5 x
5
1
60 −
x1x
2
2
4 −
x21x3
6 + x1x42 +
x2x3
2 −
3x5
5 ΓE±5
+ 12
(
ξ22 − ξ4
)
x1 + ξ32
(
x21 − x2
)+ ξ5
6 x
6
1
360 −
x31x3
18 −
x21x
2
2
8 +
x21x4
4 − 3x1x55 ΓE±6 +
1
4
(
ξ22 − ξ4
)(
x21 − x2
)+ ξ36 (2x3 − 3x1x2 + x31 )
+ x1x2x32 +
x32
12 − x2x42 −
2x23
9 + 2x63 + ξ5x1 + 16
(
ξ32 + 3ξ2ξ4 − 4ξ6
)
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Many new enumerative results about asymmetric structures can be deduced from the
above formulas, complementing those already given in [8].
For example, given an integer n  0 and a weighted species F = Fw = Fw(X), we
can form the species E±n ◦ F of oriented n-assemblies (or n-simplices) of F -structures. If,
moreover, F(0) = k ∈ N, then each member of such assemblies is either
(i) a F -structure on a non-empty set, or
(ii) an empty node colored by one of k given colors.
Figure 1 represents such an assembly built on the set [6] = {1,2,3,4,5,6} where n = 4,
k = 2, F = k + L+, where L+ = X + X2 + X3 + · · · is the species of non-empty linear
orders, the empty (unlabeled) nodes being represented by black or white nodes.
From general principles, the weight of all asymmetric E±n ◦ Fw-structures on [m] is
given by
m! [xm]ΓE±n ◦Fw(x, x2, x3, . . .) = m! [xm]ΓE±n ,k
(
Fw(x),Fw2
(
x2
)
, Fw3
(
x3
)
, . . .
)
, (73)
where ΓE±n ,k is given by (72) and
Fw(x) =
∑
p0
f p,w x
p, Fw(0) = k, (74)
with p!f p,w = total weight of all asymmetric Fw-structures on [p]. Note that (73) is a
polynomial in k of degree n, of the form
am,0(w) + am,1(w)k + am,2(w)k2 + · · · + am,n(w)kn, (75)
where am,i(w) ∈ Cv, i = 0, . . . , n.
We conclude with a concrete explicit illustration of (75) by taking the (unweighted)
species F = k + L+ and n = 4 (see Fig. 1). In this case, we have
F(x) = k + x + x2 + x3 + · · · = k + x . (76)
1 − x
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ΓE±4 ,ξ
of Table 1, with ξ = k, that the number of asymmetric E±4 ◦ (k +L+)-structures on
[m] is given by
am,0 + am,1k + am,2k2 + am,3k3 + am,4k4, where (77)
am,0 = m! [xm] x
7(1 + x + x2 − x3)
(1 − x)(1 − x2)(1 − x3)(1 − x4) , (78)
am,1 = m! [xm]x(4 − 3x − x
2 + 2x3 + 9x4 + x5)
6(1 − x)(1 − x2)(1 − x3) , (79)
am,2 = m! [xm]11 − 22x + 17x
2
12(1 − x)2 , (80)
am,3 = m! [xm] x3(1 − x), (81)
am,4 = m!12 δm,0, (82)
where δi,j is the Kronecker delta.
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